We define gauge theories whose gauge group includes charge conjugation as well as standard SU(N ) transformations. When combined, these transformations form a novel type of group with a semidirect product structure. For N even, we show that there are exactly two possible such groups which we dub SU(N ) I,II . We construct the transformation rules for the fundamental and adjoint representations, allowing us to explicitly build fourdimensional N = 2 supersymmetric gauge theories based on SU(N ) I,II and understand from first principles their global symmetry. We compute the Haar measure on the groups, which allows us to quantitatively study the operator content in protected sectors by means of the superconformal index. In particular, we find that both types of SU(N ) I,II groups lead to non-freely generated Coulomb branches.
Introduction
Gauge symmetry governs the dynamics of a huge variety of systems, ranging form Condensed Matter to Particle Physics. Very often, when discussing gauge symmetry, one implicitly refers to symmetries associated to continuous groups. However, gauge theories based on discrete groups (a.k.a. discrete gauge theories), while perhaps more exotic, are also very interesting. Indeed, in Condensed Matter (or lattice models), discrete gauge theories play a relevant role. For instance, in 2d, a web relating various well-known dualities was recently described in [1] by including appropriate Z 2 gaugings using previous results in [2, 3] . Also in 3d discrete gauge theories play a relevant role. For example, the Z 2 Ising model for one-half spins in a squared lattice is dual to a lattice Z 2 gauge theory [4] . Moreover, it admits a phase whose continuum limit is realized by the same doubled Chern-Simons theory appearing in the description of certain topological phases of electrons in [5] .
In turn, in High Energy Physics, discrete gauge theories also play a relevant role. In many cases, discrete global symmetries -a prominent example being R-parity in supersymmetric (SUSY) models -are needed to achieve phenomenologically viable scenarios. Yet, if only global symmetries, their constraints would be washed out by Quantum Gravity effects. This suggests, as first discussed in [6] , that discrete symmetries must be gauged at a fundamental level. The subject was recently revived in [7] , where it was argued that in a consistent theory of Quantum Gravity such as String Theory all global symmetries, including discrete ones, are expected to be gauged. Indeed, String Theory quite often produces gauged discrete symmetries. For instance, in the presence of NS5 branes, there can be discrete Z k gauge symmetries as discussed in [8] . These gauged discrete symmetries have also been quite extensively discussed in the context of String Phenomenology (see e.g. [9] ). More recently, [10] conjectured discrete S N gauge symmetries in 6d Conformal Field Theories (CFT's) needed in order to correctly reproduce their operator spectrum.
On a seemingly separate line, the traditional approach to Quantum Field Theory (QFT) is based on perturbation theory, specifically through the computation of correlation functions using Feynman diagrams. While this approach is very successful to compute observables such as scattering amplitudes, it misses a great deal of the beautiful subtleties of Quantum Field Theory. Indeed, by definition perturbation theory considers small fluctuations around the (trivial) vacuum, and hence it is essentially blind to the global structure of the group, which at most enters as a superselection rule. Nevertheless, interesting Physics may be hiding in the global structure of the group, despite being local Physics blind to it. A particular example is the case of O(N ) theories, which can be regarded as the composition of a continuous gauge SO(N ) symmetry and a discrete gauge Z 2 symmetry. Thus, this is yet another context in which discrete gauge theories may appear, in this case as part of a larger and disconnected gauge group.
Also in the realm of High Energy Physics, the gauging of discrete symmetries has been argued to play a very relevant role in the construction of N = 3 SCFTs in 4d. The first examples of these were constructed in [11] starting with N = 4 SYM where the complexified Yang-Mills coupling is tuned to a self-S-dual point. At those points a subgroup Γ ⊂ SL(2, Z) mapping the theory to itself appears as an extra discrete global symmetry. As shown in [11, 12, 13, 14] , quotienting by a well-chosen combination of Γ and a subgroup of the R-symmetry -which amounts to gauging a discrete group -precisely breaks the supersymmetry down to exactly N = 3. Hence, it is the discrete gauging which is breaking the supersymmetry down to N = 3.
In [12] this strategy was generalized to a systematic study of gaugings of discrete symmetries preserving at least N = 2 SUSY (mostly restricting to rank one theories). In this way a beautiful landscape of theories interrelated among them emerged. In the case of theories based on an SU(N ) gauge group, a natural such discrete symmetry to quotient by is charge conjugation. As noted in [12] , gauging charge conjugation can be subtle and all supersymmetries can be broken. The ultimate reason for this lies in the fact that charge conjugation is essentially akin to complex conjugation (∼ Z 2 ), the outer automorphism of SU(N ). It is then intuitive that the combined group incorporating SU(N ) and charge conjugation transformations cannot simply be the direct product SU(N ) × Z 2 but rather the semidirect product SU(N ) Z 2 . 5 This conflicts with the two-step procedure of first considering a SU(N ) gauge theory and then gauging its Z 2 charge conjugation symmetry, which implicitly assumes a direct product structure.
In [15] a fresh approach to the problem was taken, namely, first constructing a Lie group which incorporates both SU(N ) transformations as well as charge conjugation, and then using it to build gauge theories. Such groups had been introduced in the mathematical literature under the name of principal extensions (in this case of SU(N )) in the past [16, 17] , and made a brief appearance in the Physics literature in [18, 19, 20] in the context of branes wrapping group manifolds. An more related set-up is that discussed in [21] , where after symmetry breaking one ends up with a remainder discrete charge conjugation symmetry which can produce Alice strings. While this was mostly with an eye on the U (1) case, the non-abelian version plays a relevant role as well in the process of constructing orientifold theories, as discussed in [22] . These groups have two disconnected components and are very similar to the orthogonal gauge theories briefly alluded above. Indeed, O(2N ) is a principal extension of SO(2N ) [23] (since O(2N + 1) = SO(2N + 1) × Z 2 , this case is much more tractable and less interesting). Surprisingly, as shown in [15] and soon after in [14, 13] for other discrete gaugings of the like, it turns out that the gauge theories based on principal extension of SU(N ) provide the first examples of four-dimensional N = 2 theories with non-freely generated Coulomb branches. While a priori no argument forbids theories with non-freely generated Coulomb branches (and indeed their putative 5 Schematically, this can be easily seen by writing any element in the Cartesian product SU(N ) × Z2 as g(U, γ), where γ is either the identity or complex conjugation (∼ charge conjugation) and U a SU(N ) matrix. A short computation shows that the multiplication rule is that of a semidirect product (more details in section (2.1)).
properties had been studied [24] ), in view of the lack of explicit examples it was widely believed that such theories would not exist. The theories proposed in [15, 14, 13] then provide the first counterexamples to that conjecture.
In [15] N = 2 SUSY theories where considered as proof-of-concept for gauge theories based on principal extensions, with the bonus that the first theories with non-freely generated Coulomb branches were discovered. Yet in principle one may construct gauge theories in arbitrary dimensions with any SUSY (including no SUSY) based on principal extension groups. In this paper we re-consider with more detail the construction of such groups. It turns out that the correct way to think about these groups is as extensions of SU(N ) by its (outer) automorphism group (recall, ∼ Z 2 ). A detailed analysis shows that actually there are exactly two possible extensions, corresponding to two possible disconnected Lie groups which we dub SU(N ) I,II . In a precise way that we describe below, these two types correspond to the classification of symmetric spaces of type A. To our knowledge, the existence of these two possible extensions and their construction has not appeared before. We then go on and explicitly construct gauge theories based on them, concentrating, like in [15] as a proof-of-concept, on N = 2 SQCD-like theories. In particular, we analyze certain protected sectors of the operator spectrum using different limits of the Superconformal Index (SCI). This allows us to show that the corresponding Coulomb branches are isomorphic as complex algebraic varieties and both are not freely generated. As a by-product of the explicit construction of the Lagrangian of the theories, we can understand from first principles the global symmetry pattern emerging from the Higgs branch Hilbert series computation in [15] .
The organization of this paper is as follows: we start in section (2) describing the principal extensions of SU(N ) as extensions of the Z 2 outer automorphism group of SU(N ) by SU(N ). As anticipated, we find exactly two such possibilities which are in one-to-one correspondence with the Cartan classification of symmetric spaces of type A. In section (3) we study aspects of the representation theory of these groups, paying special attention to the fundamental and the adjoint representations as well as to some of the invariants which can be formed out of them. We also construct the Weyl integration formula over the SU(N ) I,II groups. In section (4) we turn to Physics and construct N = 2 SQCD gauge theories based on SU(N ) I,II . As a by-product, we will provide an a priori understanding of the global symmetry groups of the resulting theories. In section (5) we turn to the quantitative analysis of the theories using various limits of the superconformal index as diagnostics tool. To that matter, the integration formula previously developed in section (3) plays a very relevant role. In particular, we will find that the SU(N ) I,II theories have non-freely generated Coulomb branches. Finally, we conclude in (6) with some final remarks and open lines. For the interest of the reader, we postpone to the appendices several technical details.
Construction of two disconnected groups
The groups we are interested in are extensions of Z 2 by a Lie group, which in this paper we will take to be SU(N ). In [15] , the so-called principal extension were considered, but it turns out that although the group of outer automorphisms of SU(N ) is Out(SU(N )) ∼ = Z 2 , there are in some cases more than one (in fact, exactly two) inequivalent ways of constructing a semi-direct product of SU(N ) by Out(SU(N )). This section aims at studying this issue in depth.
For concreteness, we will start with a pedestrian approach to the problem, and we will see that the two disconnected groups arise in a natural way. Then we will provide a more abstract, but also more rigorous construction, of the semi-direct products. As we will explain, they are built from involutive outer automorphisms (IOA) of SU(N ), i.e. automorphisms which are their own inverse. In turn, we will see that these are classified by real forms of the complex Lie algebra sl(N, C), or equivalently by symmetric spaces. This last feature will also help us understand the global symmetry of the gauge theories constructed in later sections.
Explicit matrix realization
Let's construct the (disconnected) gauge group of an SU(N ) theory in which charge conjugation is gauged as well. In such a theory, the lowest-dimensional non-trivial representation has dimension 2N , so we will construct our group as a 2N ×2N matrix group. It has a subgroup, denoted G, which is isomorphic to SU(N ) in the fundamental plus antifundamental representation:
where the star denotes complex conjugation. The charge conjugation is a Z 2 group which exchanges the fundamental and antifundamental of SU(N ), so it has to be of the form
where A ∈ SU(N ) is a matrix on which we will come back later. The total gauge group, which we call G A , is the image of the Cartesian product G × Γ A under the multiplication map,
We have added the subscript A to insist on the fact that this depends on the matrix A chosen above. The product in this group is simply matrix multiplication. Thus for two elements gγ and g γ of G A , we have 4) where the last rewriting is necessary for the product to be manifestly in the form g γ . This is a semi-direct product structure, with
Note that for the non-trivial element γ ∈ Γ A one has
Writing down the requirement that this matrix belongs to G defined in (2.1) leads to the condition that A A † = l 1 together with A −1 M A = (A M A −1 ) for all M ∈ SU(N ). From the last condition it follows that M (A A ) = (A A ) M , which is solved for A A = λ l 1. Since A ∈ SU(N ), by multiplying on the left by A † , we could as well write A = λ A † . Likewise, we could take the complex conjugate of the equation to write A A = λ l 1. Multiplying now on the right by A † leads to A = λ A † , which requires λ ∈ R. Then, since A ∈ SU(N ), by taking the determinant, |det(A)| 2 = λ N = 1. Hence, we obtain
Thus, all in all, we have found a family of matrix groups given by (2.3) where
• for odd N one needs A T = −A. This defines a group that we call SU(N ) I .
• for even N we have two cases:
-A = −A T : this defines a group that we call SU(N ) I (the even N version).
-A = A T : this defines a group that we call SU(N ) II .
While this gives an intuitive construction of two different groups SU(N ) I and SU(N ) II , several questions are left unanswered: why did we choose to represent G A in the specific form (2.3)? Is the symmetry property of the matrix A enough to characterize entirely the groups G A ? Do this construction really yield two non-isomorphic groups?
As for the last point, a preliminary observation is that had the two groups been conjugated one to the other, there should be an invertible 2N × 2N matrix X such that γ II = X γ I X −1 , where we denoted by γ I,II the non-trivial element of Γ A in the two cases. A natural ansatz for the matrix X is which shows that such X does not exist. While this hints that indeed both choices are two different groups, it strongly relies on a specific representation. In the rest of this section will offer more formal arguments that indeed there are exactly two extensions SU(N ) I and SU(N ) II of SU(N ) for N even, and only one for N odd, that can be obtained by gauging the outer automorphism, and the labels I and II are related to the Cartan classification of real forms of sl(N, C). Figure 2 .1 gives an overview of the logical steps that we will follow.
Extensions and semidirect products
The semidirect products that we consider are extensions of Z 2 by SU(N ). In order to point out the subtleties of this construction, we begin with a review of some general theory of extensions of discrete groups by Lie groups (more details can be fount in [25] , Chapter 18). LetG be any Lie group, connected or not. ThenG is the extension of the discrete groups of its connected components, called π 0 (G), by its identity component, called G. This means that there is a short exact sequence
Note that the groups introduced in the previous section fit this structure: constructing the maps ι(g) = g id Γ A (which maps an element g ∈ G into g ∈ G) and q( g) = γ (which maps an element g = gγ ∈ G into Γ A ∼ = Z 2 ), it is clear that Ker(q) = Im(ι).
In the following we will restrict ourselves to split extensions, or equivalently (due to the "splitting lemma") to the situation whereG is a semidirect product G π 0 (G). The assumption that the extension is split means that there exist a Lie group morphism σ : π 0 (G) →G such that q • σ = id π 0 (G) . Note that for any extension (split or not) we can construct a map C G :G → Aut(G) defined by C G (g)(g) = ι −1 (gι(g)g −1 ) for all g ∈ G and g ∈G. Using now the splitting morphism σ we can form a homomorphism
which is precisely what is needed to build a semi-direct product G S π 0 (G).
Note as well that indeed the groups introduced in the previous section do fit in this structure, since we can construct a map from Γ A into G as σ(γ) = id G γ which clearly satisfies that q • σ = id Γ A . Hence, when regarded as a sequence, indeed G is split and, consequently, there is a semidirect product structure (which on the other hand we explicitly constructed). In that language, the homomorphism S corresponds to the ϕ γ in eq. (2.6).
Finally, we add a last ingredient to the construction, namely the group of outer auto-
, called the characteristic homomorphism of the extension. This is summarized by the diagram
Two equivalent extensions of π 0 (G) by G define the same s. 6 Obviously, there are exactly two possible homomorphisms s when π 0 (G) ∼ = Out(G) ∼ = Z 2 : the trivial morphism, giving the direct productG = G × Z 2 , and the identity morphism, giving a semi-direct product. However the converse is not true, and we will see that two inequivalent extensions correspond to the identity morphism s : Z 2 → Z 2 . By definition, the classification of semidirect products G S π 0 (G) reduce to the classification of the possible maps S. In the case at hand, where π 0 (G) ∼ = Z 2 , S has to be its own inverse, and thus this means that we need to classify the involutive automorphisms of G. This is the main lesson that we learn from this abstract development: classifying the different extensions is equivalent to classifying the involutive automorphisms of G, which will then be our next task. In particular, the semidirect products will be associated to outer involutive automorphisms.
Real forms and Antiinvolutions
There is a very elegant theory of involutive automorphisms in complex Lie algebras, connecting them to real forms -this is what will allow us to classify them. We begin with a quick reminder of some aspects of the theory of real and complex Lie algebras, referring to [26] for more details. Given a real Lie algebra g 0 we denote by g 0 (C) the corresponding complexification, which is uniquely defined by the bracket
Conversely, a real structure σ of g = g 0 (C) is defined to be an involutive antilinear automorphism, or antiinvolution for short. This means that a real structure is an automorphism which satisfies 12) where α * denotes the complex conjugate of α. Finally, a real subalgebra g 0 of g is called a real form of g if g = g 0 ⊕ ig 0 .
It's important to note that although the complexification of a real Lie algebra is unique, there might be several real forms for a given complex Lie algebra, and these can be classified using the real structures. Indeed, on the complex Lie algebra g there is a bijection between real structures and real forms:
• Given a real structure σ : g → g we can construct the corresponding real form
• Conversely, given a real form g 0 of a complex Lie algebra g, we can construct the corresponding real structure σ as the complex conjugation,
Moreover two real forms g 0 , g 1 of g are isomorphic if and only if the corresponding real structures σ 0 , σ 1 are conjugate by an automorphism of g, i.e. there exists α ∈ Aut g such that σ 1 = ασ 0 α −1 .
We now focus on a rank r semisimple complex Lie algebra g. It admits a canonical system of generators (h i , e i , f i ) for i = 1, . . . , r. One can show that [26] there exists a unique real structure, which we call τ from now on, such that
14)
The associated real form is a compact real form. 7 We now use the compact real structure τ to associate to any real structure σ the automorphism θ = στ .
It is clear that θ is a linear (as opposed to antilinear) automorphism, but in general it is not an involution. However, we have seen above that up to replacing the real form g 0 by an other isomorphic real form, we can conjugate the corresponding real structure σ by any automorphism of g, and Cartan proved that at least one of these conjugates gives rise 7 There exists also a unique real structure ς which fixes the system of generators,
The associated real form is the split real form. to an involutive θ. Therefore, in the case of semisimple complex Lie algebras, to each real form one can associate an involutive automorphism. This non-trivial statement is the key step to obtain Cartan's theorem: two real forms g 0 , g 1 of g are isomorphic if and only if the corresponding involutions θ 0 , θ 1 are conjugate to each other, i.e.
With this theorem at hand, we can now, given a list of inequivalent real forms of a semisimple complex Lie algebra, obtain the corresponding classification of inequivalent involutive automorphisms. Let us work out the case of g = sl(N, C). In that case, it is easy to check that 8 τ (X) = −(X ) T for X ∈ g. The real forms of sl(N, C) can be read on Cartan's classification, and come in three different types; it is then a simple task to compute the associated involution θ in each case. This is summarized in Table 1 . We have used the notations
One representant of each conjugacy class of involution of sl(N, C) is presented in the last column of Table 1 . Note that the involutions corresponding to the real forms su(p, N − p) are inner, and we are left with precisely two conjugacy classes of outer involutive automorphisms when N is even, and only one class when N is odd.
There is a bijective correspondence between the simple real Lie algebras and the irreducible noncompact symmetric spaces of noncompact type which we briefly review in Appendix A (see [27] ); this relates the involution of the algebra θ to an involution Θ on the group. This correspondence is illustrated in the case of the compact group SU(N ) in Table 2 . Although we will not exploit the symmetric spaces duality, we want to point out the involutions Θ and the subgroups K left invariant by Θ. One can check that in all cases the involutions Θ induce on the corresponding Lie algebras the involutions θ of Table 1 . As for the compact subgroups K, they will turn out to determine the global symmetry of gauge theories based on the semidirect products of SU(N ) by Θ. The three (types of) symmetric spaces for which G c = SU(N ). In each case we indicate the dual group G, the compact subgroup K and the lift to the group SU(N ) of the involutions θ in Table 1 . One can check that K is the subgroup of G fixed by Θ.
Cartan Class
From now on, we focus on the first two lines of Tables 1 and 2 , and borrowing names from the Cartan classification, we define the two following groups:
Note that these are indeed the groups constructed in the previous subsection, thus confirming the claim that indeed there are the two possible extensions of Z 2 by SU(N ).
A construction of automorphisms
Now we explain how to construct explicitly automorphisms in the various classes corresponding to the lines of Table 1 . We will use a method based on the Weyl group.
General theory Consider a simple complex Lie algebra g. Let φ : Φ → Φ be an isomorphism of the root system Φ, and let ∆ be a set of simple roots in Φ. The isomorphism φ extends in a trivial way on the Cartan subalgebra h, giving an isomorphism θ : h → h, and we want to extend it to the whole Lie algebra g. To do this, let us first choose a non-zero element X α in each root space g α for α ∈ ∆. We also choose a family of non-zero complex numbers c α for α simple. Then (see [28] , Theorem 14.2) there exist a unique isomorphism θ : g → g that extends θ : h → h and such that
for every simple root α ∈ ∆.
The Weyl group W , generated by reflections with respect to the hyperplanes orthogonal to the simple roots in h * , corresponds to a set of automorphisms of the root system, and by the construction of the previous paragraph, gives rise to inner automorphisms of g. Outer automorphisms will arise from root system isomorphisms that are not in the Weyl group.
The sl(N, C) case In the case of g = sl(N, C) with N ≥ 3 the root system isomorphisms that are not in the Weyl group are of the form −w for w ∈ W . If we choose c α = 1 for all the simple roots, then on can generate automorphisms in all possible classes from W ∪ (−W ). It should be noted that the class of an involutive Lie algebra automorphism associated to a given root system automorphism depends on the choice of the c α , as illustrated by the example below.
The sl(4, C) example Let us illustrate this with the concrete example of g = sl(4, C). We express root system automorphisms as matrices in the basis of the simple roots. Thus the corresponding Weyl group is the order 4! group generated by the three simple reflections   
Out of these automorphisms, we now generate Lie algebra involutions. We first choose c α = 1. Then we find that exactly ten give rise to (inner) involutions of su (4), and their type from Table 1 can be read from the multiplicity of the eigenvalue 1, which can be 15 (for p = 0), 9 (for p = 1) or 7 (for p = 2). The identity corresponds to p = 0 , six automorphisms correspond to p = 1, namely 22) and three automorphisms correspond to p = 2, namely
Now we turn to the outer automorphisms, generated by −W . Here there are exactly six involutive outer automorphisms, and their type can be read from the multiplicity of the eigenvalue 1, which is 6 for type I and 10 for type II. We find four involutions of type I, namely
and two of type II, namely Table 3 : Type of outer involutive automorphisms generated by the flip of the Dynkin diagram of A N −1 as a function of the parity of N and of the choice of the constant c α , taken to be the same for all the simple roots.
Now we can do the same exercise with c α = −1. In that case, there are only 6 inner involutions generated by the Weyl group, two of them of type p = 1 and four of them of type p = 2. There are 10 outer involutions generated by −W , all of them of type I.
The flip involution Let us focus on a particular element of −W , namely the flip defined by
When N is odd, the flip is of course always of type I. On the other hand, it turns out that when N is even, the flip generates an outer involutive automorphism of type I when we choose c α = −1, while it generated an outer involutive automorphism of type II when we choose c α = +1. This observation gives us a definition of the two groups SU(N ) I,II that just differs by a sign, namely, we use (2.18) where Θ I,II is the flip defined using for all simple root α This is summarized in Table 3 . It is easy to prove by recursion on the height 9 of the root α that the extensions of the flip to the Lie algebra are defined by 28) for any root α (in the case of simple roots, this reduces to (2.19)). The corresponding Lie group morphisms are called Θ I,II .
The fundamental representation is given by (2.3), where the matrix A is
One checks that these matrices satisfy the symmetry properties encountered in section 2.1.
Representations, invariants and integration measure
Having established the existence of the two groups SU(N ) I,II , our next task is to study them. An aspect of primary interest are their representations, in particular the fundamental and the adjoint, as they will provide the basic building blocks to construct gauge theories based on SU(N ) I,II . In turn, the possible invariants which can be constructed out of them will also play a role, as they will either enter the construction of the Lagrangian of the theories or because they will be identified with gauge-invariant operators. The latter can be systematically constructed by computing index-like (we will be more precise below) generating functions such as the Higgs branch Hilbert series or the Coulomb branch limit of the index, for which a necessary tool is the integration measure on these groups.
Representations
Let us begin with some general remarks, aiming at understanding the representations of SU(N ) I,II from those of SU(N ). To that matter, we adapt the discussion of [29] (section VI.7), regarding induced representations. Let us define G = SU(N ) and
Using the canonical projection G → G/G, Ω(k) can also be seen as a representation of G.
Now we consider two constructions:
• From a representation V of G, one can construct other representations
• From a representation U of G, one can construct other representations U x of G for x ∈ G/G. These are defined by the action of G on U x given by g · u = g g g −1 u where g ∈ G is such that x ∈ g G.
These representations can be partitioned into two types, according to Table 4 . The reason for this classification is that induction and restriction relate representations of the same type. Now consider a representation of SU(N ), which we call U 0 , with Dynkin labels
, (this means that these are the coefficients of the highest weight in the basis of fundamental weights). Since we are working with the flip involution (2.26), the twisted representation by the non-trivial element of G/G, U 1 , has Dynkin labels [λ N −1 , · · · , λ 1 ]. Therefore we are in type A if and only if λ i = λ N −i for all i. As a consequence:
• If an SU(N ) representation U has λ i = λ N −i for all i, then the induced representation on SU(N ) is reducible and can be written [29] : If U is a representation of G of type A, the induced representation of G is ind
• If an SU(N ) representation U has λ i = λ N −i for some i, then the induced representation on SU(N ) is irreducible (and is the same as the induced representation from
For instance, we have
induces a unique irreducible representation of SU(N ). It has dimension 2N .
• The adjoint [1, 0, · · · , 0, 1] of SU(N ) induces a reducible representation of SU(N ), which decomposes into two irreducibles.
Let us now explicitly construct the fundamental and the adjoint representations, which will be relevant for our later purposes.
The fundamental representation
A particularly important representation will be the fundamental representation. It corresponds to the the matrix representation introduced in section 2.1, which acts on a 2N dimensional complex space C N ×C N . Note that we may alternatively think of this space as C N × (C ) N , thus making explicit that SU(N ) I,II representations comprise a fundamental and antifundamental of the connected component SU(N ). The elements of this space are of the form
It is useful to introduce a "conjugate"
Then, for a generic U ∈ G, Q and Q transform as
The adjoint representation
Another very important representation for our purposes is the adjoint representation. Given the matrix representation in section 2.1, an element Φ in the adjoint representation is the 2N × 2N block-diagonal matrix (recall that Φ ∈ su(N ), so Φ † = Φ and the Lie algebra automorphism -complex conjugation for hermitean generators-is Φ → −Φ )
For future purposes, it is interesting to note that
Note that since one block is complex-conjugated of the other, the number of degrees of freedom is really N 2 − 1 as it should be for the adjoint. On the other hand, expressing the adjoint in this way turns out to be most convenient for our latter purposes of constructing gauge theories based on SU(N ) I,II due to the transformation properties expressed as (3.6).
Invariants
Having explicitly constructed the fundamental and the adjoint representations, we now study the invariants which can be constructed out of them. To that matter, let us consider F copies of the fundamental representation in addition to an adjoint representation. To set notation, we will denote G indices by α with α = 1, · · · , 2N ; and "global symmetry indices" by I with I = 1, · · · , F . To be explicit with the notation, the fundamentals will be (Q I ) α . Note that it follows that the indices of the conjugate are (Q I ) α . With the transformation rules described above for these representations, we may construct all possible group invariants made out of them. Let us stress that the list of such group invariants is infinite and we will not attempt for an exhaustive classification. Instead, we will focus on the ones which will be of uttermost relevance for our purposes. Indeed, we use a gauge-theoretic inspired naming with an eye on applications to gauge theories. Such most relevant invariants are 1. Meson-like invariants: consider
It is clear that such quantity is an invariant of the group action, using (3.4). Moreover, a short computation 10 shows that, as a F × F matrix
2. Baryon-like invariants: introduce the -like tensor Υ α 1 ··· α N such that
where α 1 ··· α N is the standard -tensor in SU(N ). Then we have the baryon-like invariants B I 1 ···I F given by
Note that B I 1 ···I F is completely antisymmetric on its F indices.
3. Superpotential-like invariants: consider
It is clear that such quantity is an invariant. Note that we may replace Φ by Φ n , since the n-power of an adjoint still transforms in the same way. Moreover, as a F × F matrix, we have
4. Coulomb branch-like invariants: consider
It is clear that these quantities are invariant under the group transformations above.
Note that these are "holomorphic" invariants in that they do not make use of complex conjugation. On top of them, and explicitly using complex conjugation, we can construct the "non-holomorphic" quantity (which we will dub Kähler-like) 15) which is also invariant under the above transformations.
The integration measures
In this section, we consider only the case N even (for N odd, we refer to [15] ). In order to be able to compute index-like quantities for gauge theories based on SU(N ) I,II , we need the integration measures on said groups. Recall that the standard way of defining the Haar measure of a connected Lie group, grounded on the fact that conjugation of elements of the maximal torus of the group is surjective onto the full group, doesn't apply to our situation. Instead, to be able to integrate over the disconnected component of SU(N ) we use Lemma 2.1 of [17] , namely the fact that the map
where S 0 (Θ) is the subgroup of the maximal torus of SU(N ) left invariant by the involution Θ, is surjective onto the component of SU(N ) disconnected from the identity. Therefore, we can use ϕ as a change of variables, and turn the integration over SU(N )Θ into one over S 0 (Θ). The measure arises from the Jacobian of the change of variables,
where s 0 (θ) is the Lie algebra of S 0 (Θ). The Jacobian (3.17) can be easily calculated from the data in the root system, since the involution Θ is completely defined by the flip φ (2.26) of the roots and the sign c introduced in (2.27). As in [15] , we use an adapted parametrization for the fugacities,
If a root α is fixed by φ, the corresponding element of the Lie algebra X α is transformed to −(−c) ht(α) X α = cX α since the height is necessarily odd, and it will contribute (1−cz −α ) to the determinant (3.17). On the other hand, if α is exchanged with φ(α), their contribution will come from the determinant of the block matrix
where we have used (2.28). In total, the integration measure is
In (3.20), the products run over the positive roots. In the second product, the power 1 2 takes care of the fact that each pair of roots is counted twice. The integration over SU(N ) I,II for N even is then obtained by taking an average,
21) where f is a function defined on SU(N ) I,II which is invariant under conjugation and dµ + is the standard Haar measure of SU(N ).
Real and pseudo-real representations
Having constructd a group measure allows us to construct an indicator -the so-called Frobenius-Schur indicator-sensible to the reality properties of the representations. This is very useful since, in Physics language, allows us to discern whether we have an orthogonal, unitary or symplectic global symmetry. We first quote the Frobenius-Schur theorem (see [27] , Theorem 43.1). Consider an irreducible representation ρ of a compact group G, and compute the quantity This means that the fundamental representation is real in type I and pseudo-real in type II. This will have consequences in the next section, when we will study gauge theories with fundamental matter: the unitary global symmetry U(F ) that exchanges F copies of the fundamental is enhanced to
• Symplectic global symmetry when the representations are real, i.e. in type I;
• Orthogonal global symmetry when the representations are pseudo-real, i.e. in type II.
4 Construction of N = 2 gauge theories
Matter content
We now explicitly construct gauge theories based on SU(N ) I,II groups. For definiteness, we will construct 4d N = 2 SQCD-like theories. The relevant multiplets are
The vector multiplet contains, in 4d N = 1 language, a vector multiplet and a chiral multiplet in the adjoint. The latter will be described by an adjoint superfield which we will denote by Φ with the transformation properties described in section 3.1.2.
• (Fundamental) Hypermultiplet: In order to construct hypermultiplets, let us take two chiral superfields, say A and B, transforming in the fundamental representation as described in section 3.1.1. Out of, say, B, we can construct the corresponding B. Let us now consider constructing a chiral superfield out of A, and another chiral superfield out of B, but instead taking its barred cousin, i.e. B. Let us insist once again that both A and B are chiral superfields of the same chirality. Thus, we may construct a hypermultiplet out of them, i.e. H = (A, B) .
Note that both A and B provide 2N degrees of freedom, so that H contains 4N degrees of freedom.
Having described the basic ingredients, the construction of the Lagrangian follows the standard techniques in supersymmetric gauge theories. The kinetic terms will come from a Kähler potential. A natural candidate is the "non-holomorphic" invariant (3.15) above, i.e. (we quote the free case; we will comment on the gauged version below)
Let us now turn to the superpotential W . Since it is an integration over half of superspace, it can only involve the chiral fields in H. Assuming a number F of hypermultiplets, the natural W can be constructed out of (3.13),
with G IJ a suitable matrix of couplings which would be fixed by the requirement of N = 2 SUSY.
So far we have evaded the gauge sector. By construction, only the part of the gauge group connected to the identity will contribute with a field in the Lagrangian, while the disconnected part of the gauge group will appear as a superselection rule (see [6, 30] for early discussions, and [12] for a more recent account). Thus, the vector multiplet will be the standard one associated to the gauge transformations in the SU(N ) part of SU(N ).
Smaller representations
So far we have assumed A = B. But nothing prevents us from taking A = B = Q. In this case, the hypermultiplet becomes H = (Q, Q). Note that this cannot be done with a standard SU(N ) hypermultiplet: indeed, if we want to construct invariants of SU(N ) we need to consider a hypermultiplet (Q,Q) with Q a fundamental of SU(N ) andQ an antifundamental. If we wanted "Q =Q", we would have to setQ ∼ Q , and hence it would be a chiral superfield of the other chirality. The crucial difference is now that in the fundamental of SU(N ) I,II there is both the N and the N of the connected SU(N ) part, and the construction of the second element of the hyper -the equivalent toQ-does not involve complex conjugation but rather a simple transposition, and hence does not change the chirality of the superfield. Since the degrees of freedom are half of the standard hyper, it would be perhaps more appropriate to call this 2N dimensional representation a halfhypermultiplet (note that in fact this is the same number of dof. as a full hypermultiplet of SU (N )).
All in all, we can write the theory for F half-hypermultiplets. The W is just the obvious particularization of (4.3), i.e.
and using the symmetry property (3.13) fixes the matrix G to be either symmetric or antisymmetric. This allows us to immediately read the global symmetry of the theory:
• SU(N ) I : G is antisymmetric. The global symmetry is Sp( • SU(N ) II : G is symmetric. The global symmetry is SO(F ). This is in perfect agreement with the result derived using the Frobenius-Schur indicator in section 3.4, and it will be confirmed by the explicit computation of the Higgs branch Hilbert series. Moreover, it is also suggested by table 2 -the SU(N ) I,II behaves in this respect as its subgroup K would. If K is of orthogonal type, then the global symmetry will be symplectic, and vice versa.
Note that for the type I extensions the case of odd F is not well-defined. The issue is manifest in the simplest case of F = 1, where it is simply impossible to write a nonvanishing W . Since for any odd F one can write F = 2f + 1, this very same argument suggests that type I theories with odd number of flavors do not exist as a N = 2 theories. In the following we will restrict our attention to even F for type I theories.
Dynamics
In the following we will be interested in SCDQ theories with SU (N ) I,II gauge group and F fundamental half-hypers. As discussed above, the vector multiplet only contains a gauge field for the connected part of the gauge symmetry, while the disconnected part only enters as a superselection rule. As a consequence, the Lagrangian of the theory is just identical to that of its SU (N ) SQCD cousin. Hence, the Feynman rules will just be the same, and consequently, all local Physics will be identical to that of SQCD with the only extra addition that one has to impose the constraints arising from gauge invariance under the disconnected part of the gauge group (see e.g. [6, 30, 12] ).
An important consequence of these observations is that all (local) anomalies are just identical to those in SQCD. Since the latter has no local anomaly (to begin with, it is a non-chiral theory), it then follows that our new SQCD theories are also free of local anomalies.
Another very important consequence is that the β function will just be the same as in SQCD. Thus, in particular we can tune N and F and restrict to well-behaved 4d QFT's.
In particular, we can choose N and F so that our theories become conformal. This will be the most interesting case, since the gauge dynamics will greatly simplify due to the absence of a strong coupling scale and the full power of conformal invariance will provide very useful tools to analyze the theories. In particular, by means of the SCI we can study their spectrum in both the Coulomb and Higgs branches as we will do below. Note however that the Higgs branch is non-renormalized [31] , and thus when, studying the Higgs branch, the requirements on N and F may be dropped (more on this below).
The spectrum of the theory
One aspect of basic interest is the operator content of the theories based on G and their relations. As discussed above, we can restrict to well-defined QFT's by choosing N and F so that the theory is at least asymptotically free. Nevertheless, in order to avoid the complicated gauge dynamics associated to the strong coupling scale of the gauge group, we can further focus on SCFT's. In that case, due to superconformal invariance, we have the powerful tool of the SCI to analyze the operator spectrum of the theory. While the full index is a complicated function, in particular limits it simplifies and allows to study in detail both the Coulomb branch and the Higgs branch of the theory.
Regarding the Coulomb branch, we can study the operator content through the so called Coulomb branch limit of the superconformal index [32] .
In turn, for the Higgs branch, we can consider the Hall-Littlewood limit of the index. On general grounds, for a theory corresponding to a quiver with no loops, it is clear that the computation of such Hall-Littlewood limit of the index coincides with the computation of the Higgs branch Hilbert series, which is a counting of gauge-invariant operators made out of hypermultiplets [33] . 11 Note however that, due to supersymmetry, the Higgs branch remains classical [31] . Hence the computation of the Higgs branch Hilbert series using the classical Lagrangian even beyond the conformal window provides us a sensible description of the Higgs branch in the full quantum theory. Thus, when computing the Higgs branch Hilbert series, we will not restrict ourselves to theories in the conformal window. To be specific, we will consider below theories with gauge group SU(N ) I,II with F hypermultiplets only when F ≥ 2N . The F < 2N region is more difficult to study in part because at a generic point on the Higgs branch, the gauge group may not be completely Higgsed, which means that we can not use the letter-counting formula (5.12). A complete treatment of that question will appear soon in [34] , but the extension of the techniques used in [34] to disconnected gauge groups remains an open problem.
Warm-up: the free theory
Let us first consider the free theory by sending the Yang-Mills coupling to zero. The spectrum of the theory will consist of gauge-invariant operators (as Gauss' law is kept as a constraint) with no other relation. Focusing on the Higgs branch -i.e. on operators made out of hypermultiplet fields-, to lowest order the gauge invariants are the mesons M IJ (we assume N big enough so that baryon-like operators appear at high dimensions), which are either a symmetric (for SU(N ) I ) or an antisymmetric (for SU(N ) II ) F × F matrix. Thus, introducing a fugacity t to count dimensions, we should expect the first non-trivial contribution a (unrefined) partition function counting operators to be t 2 F (F ±1)
. 12
Let us consider the next order t 4 . For definitness, say we have odd N -so we have SU(N ) I . In that case, M is a symmetric matrix and hence has d S =
entries. To order t 4 we will have the symmetrized product of those, i.e.
. In turn, while at order t 2 , the d A =
antisymmetric pieces of M are projected out, their symmetrized squares, i.e.
, survive at order t 4 . Hence the t 4 coefficient is expected to be 1 2
Note that, for SU(N ) II the roles of symmetric and antisymmetric are exchanged. Nevertheless this has no effect on the t 4 coefficient. Hence, all in all, we expect
• SU(N ) I :
• SU(N ) II :
Note that this implicitly assumes N large enough. Indeed, if N ≤ 4, the baryon would contribute to the order t 4 . As we will see below, indeed the integration formula allows us to recover this expectation from the computation of the Higgs branch Hilbert series for the free theory.
Note that the t 2 term is somewhat special, in that its contributions come from scalars in conserved current multiplets (moment maps of the global symmetry). Since these are, by construction, in the adjoint representation of the global symmetry, the coefficient of t 2 provides a cross-check of the global symmetry of the theory. Indeed, for type I that coefficient coincides with the dimension of the adjoint of Sp( F 2 ), while for type II it coincides with the dimension of the adjoint of SO(F ). 12 As argued above, the Hall-Littlewood limit index of the index coincides with the Higgs branch Hilbert series for the theories at hand. Nevertheless, strictly speaking, if though as the Hall-Littlewood limit of the index, the contribution of vector multiplet and hypermultiplet comes weigthed by a fugacity τ R . However, since the operators to count satisfy the BPS bound ∆ = 2R, the difference between Higgs branch Hilbert series and Hall-Littlewood limit of the index is just a simple redefinition of the fugacity t 2 ↔ τ .
Using the measure on the groups developed above we can cross-check (and extend to arbitrary order) the expectations above. The (free theory) Higgs branch Hilbert series reads HS
As discussed above, the integral splits into the sum of the connected and disconnected part, and the measures are the ones found in section 3. It is then easy to show that indeed the expectation above for the first few terms is recovered. In order not to clutter the presentation, as an example, we quote the results for SU(N ) I , and F = 2, 4, We observe that the first three terms in each of these examples match the expected result given by (5.2), once the additional baryons that appear in the t 4 term for N = 4, F ≥ 4 are taken into account. In particular, this provides a confirmation of our expectations on the global symmetry to add to the computation of the Frobenius-Schur indicator as described above.
Furthermore, while both the numerator of the Hilbert series for the component connected with the identity and the numerator of the Hilbert series for the component not connected with the identity are palindromic in the above examples, in general the full Hilbert series HS free (N,F ) (t) has not a palindromic numerator. Note however that in the free limit we are considering there is no a priori reason for the Hilbert series to be palindromic (for instance, upon removing the W the theory is effectively not even N = 2). Moreover, 13 The plethystic exponential (PE) of a function f (x) such that f (0) = 0 is defined as
in general, the ring of invariants as a quite involved structure and the corresponding Highest Weights Generating function (HWG) [35] does not seem to be given by a complete intersection.
The full theory: Coulomb branch operators
The Coulomb branch index is a counting of operators on the Coulomb branch of a CFT, and thus can be thought as a Hilbert series for the Coulomb branch. Note that the hypermultiplets only enter this computation through ensuring that we have a CFT, but otherwise they are blind to the computation of the Coulomb branch index. Thus, we will assume the matter content to be such that the theory has vanishing beta functions. From the transformation properties of the adjoint representations described above, it is clear that for either SU(N ) I,II the Coulomb branch will only count operators of the form Tr Φ 2n . Thus it is clear that [15] 
This can be explicitly verified using the integration formula. On general grounds, for a theory with gauge group G, the Coulomb branch index (or Coulomb branch Hilbert series) reads HS
Using the formula (5.6) we get
which indeed agrees with (5.5).
Note that eq.(5.5) shows that the Coulomb branch is identical as a complex variety for both SU(N ) I,II . Moreover, it immediately follows that both families of theories provide explicit examples of consistent N = 2 QFT's with non-freely generated Coulomb branches, thus extending [15] .
The full theory: Higgs branch operators
Let us now look to the operators in the Higgs branch for the N = 2 theories. Before delving in a full computation of the generating function of such operators, let us first obtain by hand the lowest lying such operators. To that matter we now need to additionally mod out by the F-terms. Note first that the F-terms can be computed by forgetting the vanishing trace requirement on the adjoint and adding a Lagrange multiplier λ Tr Φ to the W . Then, the F-terms are essentially
where the free indices are in color space.
It is clear that the F terms will enter first at order t 4 . Thus, the coefficient of t 2 is just like in the free theory, and hence the same comment on the fact that it dictates the global symmetry of the theory applies. In turn, at order t 4 we need to take F terms into account. Eq.(5.9) essentially means that, when squaring M to construct the terms contributing to t 4 , one combination of them, times a antisymmetric F × F matrix ( SU(N ) II ) or symmetric matrix ( SU(N ) I ) can be dropped. Hence, we should expect the t 4 term in the SU(N ) II case to be that of the free theory minus
; while for SU(N ) I it should be that of the free theory minus
. That is, we expect
Just like in the free case, we can explicitly test this expectation and extend it to arbitrary orders in t by explicitly computing the Higgs branch Hilbert series (recall, identical to the Hall-Littlewood limit of the index) using the Haar measure and the technology developed above. It generically reads 12) where the {q i } are set of global symmetry fugacity and [1, 0, ..., 0] is the Dynkin label for the fundamental representation of the global symmetry group.
In order to give a flavor of the computation, let us make explicit the ingredients in (5.12) in the simplest example where the two outer involutions Θ I and Θ II are different, which is SU(4). Let's begin by choosing the following basis for the su(4) Lie-algebra
13)
where the h i , for i = 1, 2, 3, denote generators of the Cartan subalgebra, while the α i are the associated simple roots. For the type II extension, according to the discussion in section 2.4, the flip involution will act in the different representations of the Lie algebra 
On the other hand the matrix Φ Fund (Θ I ) acting on the fundamental representation reads 
In this case, the measure of the disconnected part, with the same parametrization of the fugacities (3.18), is
Note the somewhat unusual + signs that appear in the measure, as a consequence of (3.20).
The Higgs branch Hilbert series of SQCD
It is now straightforward to put all ingredients in place and explicitly evaluate (5.12) to obtain the full, refined, Higgs branch Hilbert series (or Hall-Littlewood index). Due to the lengthy -and rather non-illuminating-expressions, here we will quote some such examples of the type I projection for even N cases, referring to [15] for type I for odd N and type II examples. As can be seen in these expressions -as well as in the analogous ones in [15] -, at order t 2 we find the character of the representation of the adjoint of the predicted global symmetry group. Since such contribution is precisely coming from the conserved global symmetry current multiplet (in fact from one of the scalars in the multiplet ∼ moment maps), and the latter must be in the adjoint by definition, this provides a further check on our expectations.
The full unrefined Higgs branch Hilbert series
Upon unrefining one can find a slightly more manageable form of the Higgs branch Hilbert series.
As for the component connected to the identity, which is identical to standard SQCD, the Highest Weight Generating function (HWG) is known exactly [35, 15] 
Here the {µ i } denote a set of highest weight fugacities for the SU(F ) global symmetry group. Then, using (5.21), we can obtain the expression of the corresponding Hilbert Series HS Note that again the coefficient of the t 2 term is just the expected one to reproduce the predicted global symmetry. Moreover, we observe that the dimension of the pole at t = 1 is the same for both HS + (N,F ) (t) and HS I (N,F ) (t). A similar feature, for a different type of disconnected group, was observed in [23] . Moreover both the numerator of HS + (N,F ) (t) and the numerator of HS I,− (N,F ) (t) are given by a palindromic polynomial.
Conclusions
Because of a number of reasons, ranging from Condensed Matter inspirations to SUSY QFT, there has recently been interest in gauging discrete symmetries in Quantum Field Theory. In this paper we have discussed the case of the charge conjugation symmetry in gauge theories based on SU(N ) gauge groups in a systematic manner (systematically extending [21] and its more recent stringy version [22] ). A key observation is that charge conjugation symmetry involves the outer automorphism of the SU(N ) group, which is essentially complex conjugation and it is isomorphic to Z 2 . Since complex conjugation is non-trivially intertwined with the standard gauge transformations, it turns out that the appropriate framework for that is to construct a larger group which, from the beginning, includes both standard gauge transformations as well as complex conjugation on equal footing. More precisely, these two actions form a semidirect product group which can be thought as an extension of the outer automorphism group by the connected component. In this case this amounts to the extension of Z 2 by SU(N ). Quite surprisingly, and to our knowledge unnoticed in the literature, it turns out that the possible such extensions are in one-to-one correspondence with the Cartan classification of symmetric spaces (in this case of type A). Thus, in the case at hand it turns out that there are exactly two such groups including a gauged version of charge conjugation. Mirroring the terminology for symmetric spaces, we have dubbed these SU(N ) I,II (recall that the SU(N ) II only exists for even N ). This extends [15] , which, in the newest terminology, only considered SU(N ) I for odd N and SU(N ) II for even N .
In this paper we provide an explicit construction of the SU(N ) I,II groups. As a byproduct, we can explicitly write down the transformation properties of the fundamental and adjoint representations. Since these are the building blocks for 4d N = 2 SQCDlike theories, we can explicitly write down the Lagrangian and understand, from first principles, the global symmetry pattern. We find that the global symmetry for a SU(N ) I theory with F (half)-hypermultiplets is Sp( F 2 ) -which requires F to be even-, while for a SU(N ) II theory with F (half)-hypermultiplets it is SO(F ). Also, the precise description of the groups allows us to write down a Haar measure and ultimately to explicitly compute indices counting operators which characterize some branches of the moduli space of the theory. Indeed, this way we can not only check that the expected global symmetry pattern emerges; but also that both SU(N ) I,II SQCD theories have non-freely generated Coulomb branches. This is very interesting as it provides examples of non-freely generated N = 2 Coulomb branches.
In this paper we focused, as a proof-of-concept, on 4d N = 2 SQCD-like theories based on SU(N ) I,II . Nevertheless, it is clear that we are just scratching the tip of an iceberg. Staying in the, perhaps tamest, realm of N = 2 theories, it would be interesting to study the String/M-theory realization. The close relative of gauging the CP symmetry has been considered in string-theoretic constructions in the past ( [36] . See e.g [37] for a more recent discussion). While most of these constructions were typically devised with an eye on phenomenologically viable string-inspired scenarios, it is tempting to guess that our construction could fit along those lines. Another natural embedding in String Theory is through an orientifold construction, where indeed our groups play a role at intermediary steps as discussed in [22] . Yet another promising avenue would be embedded our theories into the class S framework, perhaps yielding a connection to the constructions in [38, 39] . It would also be very interesting to explore landmark aspects of discrete gauge theories such as codimension 2 defects [30] , as well as other dimensionalities and other SUSY's (including no SUSY). In particular, in other dimensions it may be that new interesting phenomena are possible. For instance, given that π 0 ( SU(N ) I,II ) = Z 2 , one may imagine a discrete θ parameter in a SUSY QM based on SU(N ) I,II . Also, one may consider extending the construction to U(N ) groups. Since the latter have a non-trivial fundamental group, the corresponding extended versions may lead to interesting phenomena. Also more exotic constructions, similar to the 2d O(N ) ± orbifolds as in [40] , may be possible in 2d. It would also be very interesting to explore dynamical aspects of these theories, perhaps using localization to compute correlation functions along the lines of [41] . We leave these avenues, and surely many more yet unnoticed, open to explore in further publications.
Groups Θ: in the complexification G C . Moreover (A.3) can be lifted to G c , which means X c = G c /K is also a symmetric space.
In summary, we have two symmetric spaces X and X c , one non-compact and one compact, which are said to be in duality (see figure 2) . For instance, the sphere S 2 can be realized as the compact symmetric space SU(2)/SO(2), the hyperbolic plane H as the noncompact symmetric space SL(2, R)/SO(2), and they are in duality. The duality between symmetric spaces is a generalization of this elementary example.
The pairs of (irreducible, simply connected) symmetric spaces have been classified by Cartan. There are three types of pairs:
• The Euclidean spaces;
• The pair with G c = (K × K)/K and G = (K C ) R where K is a compact simple Lie group (a member of the Killing-Cartan ABCDEFG classification);
• A pair in Table 28 .1 of [27] , which corresponds to the classification of noncompact real forms of the simple Lie algebras.
Here we are interested in those symmetric spaces where G c = SU(N ) for some N . Looking at the classification, we find that the candidates come from the third type, and are reported in the first three columns of Table 2 .
B Results for the unrefined Hilbert series
In this appendix we collect the results obtained for the unrefined Hilbert series HS I,II (N,F ) (t) with N colors and F flavors. Note that when N is even both the type I-action and the type II-action are possible. 
